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BCS gap equation I (6 points)

The BCS Hamiltonian was introduced in the lecture. Applying a mean-field approximation AB —
A(B) + B(A) — (A)(B) for the annihilation and creation operators of cooper pairs A and B yields:
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with A := g3 (cyrc_y, ). For real A the Hamiltonian Heg can be diagonalized by the Bogoliubov

transformation «, := UpChp — kaT—kw By, = u,”;ch_kl + chkT (cf. problem 25):

VIA|?
Heg = (Ek(alak —- 616+ ek) n |g | B = \/ﬁ -

k

Calculate (ckT07 k l> ., by introducing the inverse Bogoliubov transformation and derive the so-called
BCS gap equation:
Ag tanh (BE/2)
A = — —_—mm 3
2y el @

BCS gap equation II (6 points)

We want to analyse the BCS gap equation for the superconducting order parameter A. It is zero in the
normal and non-zero in the superconducting state. The cause of cooper pairing is the attractive inter-
action of electrons, which can be understood within the theory of electron-phonon coupling. Therefore
the sum over all k’s can be substituted by an integration over all states with energies between —hwp
and fwp (only coupling to acoustic phonons):
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where we have assumed that the density of states p(e) is constant in the intervall [—hwp, hwp].
(a) Calculate Ag := %im0 A(T).
(b) Analyse the integral in equation (4) for high temperatures. What is the solution of the BCS gap
equation (3)?

(¢) The condition A(T,) = 0 in equation (4) fixes the critical temperature. Calculate T¢! First of all
integrate by parts, then assume hwp > kpT. and use fooo Inz(1 — tanh® z)dz = In (7/4) — 7,
v=0,5772....



