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26. BCS groundstate (10 points)

Within the BCS-theory the groundstate of a superconductor can be desribed by the a- and 3-particles
(cf. sheet 11 and the lecture). The (-band is completely filled up while the a-band is empty. Thus the
groundstate |¥g) can be defined as follows:

(WolTp) =1 and  a,|¥g) = B}|Tg) =0 Vk. (1)
(a) Show, that |¥) is not an eigenstate of the operator of particle number N := 3 czgckg.
ko

Hint: Calculate [N, 6;2] using the relation [AB,C] = A{B,C} — {A, C'}B. Then assume that |¥)
is an eigenstate of N, i.e. N|Wo) = N|¥), and calculate [N, ﬂ,i]\\ll(ﬁ in two different ways.
(b) Let Py be the projector which projects on the subspace with particle number N:

1 27 o
Py = — IN=N)oq 2
N 27 J, € @ ( )
Show that )
1 "o i
PN:% ; e N¢1};[(1+(e¢—1)c£gckg), (3)

simplify this expression and prove the properties of projection, i.e. P% = Py.
(c) Calculate (¥g|Pn|To).

27. Wick’s theorem (10 points)

Consider non-interacting fermions described by a Hamiltonian of the form H =}~ eache,.

(a) First of all show the identity:

cf e PH=1N) — oBlea—p)o=BH—pN) I (4)
where N =Y clc, is the operator of particle number.

(b) Calculate the expectation value

tr e BH—uN) T ¢

+ (et
<Calca2> - tr e*ﬂ(H*HN) . (5)

Hint: Put the operator cLl to the right by using the appropriate commutation relations. Use the
cyclic commutation under the trace and the result of part (a).

(¢) Show the following formula for the (grand canonical) expectation value of ¢, ¢, ¢, cq,:

(ch el coca) = (ch co Ml o) — (el eo el en.) (6)
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(d) What are the modifications of this formula for bosons?



