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5. Bases of reciprocal lattices (4 points)

Consider bases of the following lattice types:

(a) simple cubic,

(b) body-centered cubic,

(c) face-centered cubic.

Calculate bases of the corresponding reciprocal lattices and compare the results.

6. The cubic point group (6 points)

Let G be a group. Two elements g1, g2 of G are called equivalent, g1 ' g2, if there exist an element
g in G such that g1 = gg2g

−1. This equivalence relation induces a decomposition of G in equivalence
classes ā := {b ∈ G|b ' a}.
(a) Show that the point group of the simple cubic lattice consists of 24 elements and decomposes in

5 equivlance classes. Hint: The equivalence classes are characterized by rotation axes and angles

(b) Consider an electron in a potential with cubic symmetry. The Hamiltonian is invariant under
symmetry transformations of the discrete point group. In subspaces of the Hilbert space, where
irreducible representations are realized, the energies of the electron are the same. It can be shown
that

# irreducible representations = #equivalence classes =: s (1)

Let nν (ν = 1, . . . , s) be the dimensions of the different irreducible representations. Then

s∑
ν=1

n2
ν = # G. (2)

Show that only elcetron energies with multiplicities 1, 2 and 3 are possible.

7. Bloch’s theorem (6 points)

Consider an electron in an effective lattice potential with spin-orbit coupling. Then the Hamiltonian
is given by

H =
p2

2m
+ V (~r) +

1
4m2c2

(~σ × ~∇V (~r)) · ~P , (3)

where the potential V is periodic respect to the lattice symmetry, i.e. V (~r + ~R) = V (~r) for all lattice
vectors ~R.

(a) Show that the translation operator T~R, defined by T~RΨ(~r) = Ψ(~r − ~R), fulfils the relations

[H, T~R] = 0 and [T~R, T~R′ ] = 0. (4)



(b) It follows that H and T~R have a common system of eigenfunctions {Ψε,~k}, i.e.

HΨε,~k = εΨε,~k and T~RΨε,~k = c(~R)Ψε,~k. (5)

Show that c(~R) = ei~k ~R. Use the properties T~RT~R′ = T~R+~R′ and ‖T~RΨ(~r)‖ = 1.


