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1. One-dimensional potentials (10 points)
The Fourier coefficients ψ~k− ~G of the energy eigenfunctions ψ~k (~r) =

∑
~G ψ~k− ~Ge

i(~k− ~G)~r

are related among each other by the lattice potential V (~r) =
∑

~G V ~Ge
i ~G~r due to the

Schrödinger equation in Fourier space. In the lecture the following system of equations
was derived: ~2

(
~k − ~G

)2
2m

− E

ψ~k− ~G +
∑
~G′

V ~G′− ~Gψ~k− ~G′ = 0

Consider now cases of one-dimensional periodic lattices with lattice parameter a.

(a) Calculate the energy bands of the “empty lattice”, i.e. V ~G → 0 for all ~G. Draw a
picture of the band structure in the first Brillouin zone.

(b) For the periodic potential V (x) = V0 cos
2πx
a

only two coefficients VG do not vanish.
Calculate all energy gaps in first order pertubation theory. Where are they located
in Fourier space? Draw a picture of the band structure and compare it with the
“empty lattice”.

(c) Calculate the coefficients VG and all gaps in first order pertubation theory (V0
small) for the potential V (x) = −aV0

∑
n∈Z δ (x− an) (Kronig-Penney model).

Draw the shape of energy bands.

2. Dynamics of band electrons (4 points)
The Hamiltonian of an electron in energy band n exposed to an electro-magnetic field is
given by

Hn = En

(
~p− e

c
~A
)
+ eφ (~r) .
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Show the relations

~̇r = ~∇~kEn
(
~k
)
,

~̇k =
e

c
~̇r × ~B + e ~E.

Hint: Prove first that [kα, kβ] = i e
c
εαβγBγ.

3. Landau quantization (6 points)
Consider a free electron with mass m and charge e in a magnetic field ~B = B~ez. The
Hamiltonian H is given by

H =
1

2m

(
~p− e

c
~A
)2
.

The Landau gauge ~A = Bx~ey fulfills ~B = B~ez and ~p ~A = ~A~p.

(a) Show that the energy eigenvalues are given by

En,ky ,kz = ~ω0

(
n+

1

2

)
+

~2k2z
2m

,

where ω0 =
|e|B
mc

is called the cyclotron frequency.
Hint: Show that the Hamiltonian transforms into

H =
p2x
2m

+
mω2

0

2

(
x− py

mω0

)2

+
p2z
2m

and that the ansatz ψ (~r) = φ (x) eikyyeikzz leads to the Schrödinger equation for
the one-dimensional harmonic oscillator. How does the solution depend on the
wavenumber ky?

(b) Determine the degree of degeneracy. Assume periodic boundary conditions in
y-direction, ky = 2πly

Ly
, ly ∈ N and use the condition, that the midpoint of the

oscillator x0 is resricted to 0 ≤ x0 ≤ Lx.
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