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1. Wick’s theorem (10 points)

Consider non-interacting fermions described by a Hamiltonian of the form H =
3., €aClCa.

(a) First of all show the identity
ol e BN _ oBlcap) =BH—N)f

where N = 3" ¢l c, is the operator of particle number.

(b) Calculate the expectation value

—B(H-uN
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Hint: Put the operator ¢! to the right by using the appropriate commutation

relations. Use the cyclic commutation under the trace and the result of part (a).

(c) Show the following formula for the (grand canonical) expectation value of cLl CLQ CasCay

<CT111C!TX2CO‘3C‘14> = <C¢T11Ca4> <CLQC0‘3> - <C1¥1C0‘3> <CLQC0‘4>

(d) What are the modifications of this formula for bosons?

2. Bogoliubov transformation (5 points)

Let H be a non-diagonal Hamiltonian (in momentum representation):

VA2
H=> ecl cro— L) (C—k,¢ck,T + CL,TCT—k,i) T
k,o k
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where /A and g are constants and C,T€ »» Cko, 0 =T,], are fermionic creation and anni-

hilation operators:

{Ck,o'7 CL/J/} - 5kk’5oa’7 {c£70'7 CJ]L/,U/} = {Ck,ay ck’,a’} =0
The symbol {-, -} is the anticommutator:
{A,B} = AB +BA

The goal is to diagonalize this Hamiltonian. Here we take a few (not all) steps into this

direction.

(a) Show that the following operators

_ T
X = UkCkp — Ukc—k:,i’

B = “Zcim + UgCrp

fulfil the relations

{(xk, O‘L} = {Blm ﬁLr} = (|Uk:|2 + |Uk|2) Ok’
{0k = (B By} = {ou B} = { . BL } = { o BL | = 0.

(b) Which condition do u; and v have to satisfy, so that & and B, are fermionic

annihilators?

(c) Express the four c-operators by the - and f-operators.



