
6. Homework Many-Body Theory Winter 2024/25

December 28, 2024

Ex 12: Bethe states as sl2 highest-weight states

In the lecture we have considered the L-matrix

L(λ) = −iλ+ σα ⊗ sα ,

where the σα, α = x, y, z, are the Pauli matrices and the sα form a basis of sl2 in such
a way that

[sα, sβ] = iεαβγsγ .

The corresponding monodromy matrix associated with an N -site chain is

T (λ) = LN (λ) . . . L1(λ) =

(
A(λ) B(λ)

C(λ) D(λ)

)
.

Denote the operators of the total spin of this chain by

Sα =

N∑
n=1

sαn .

In the lecture we have shown that the monodromy matrix safies the sl2-invariance con-
dition [

T (λ), 12σ
α ⊗ id +I2 ⊗ Sα

]
= 0

and that this condition implies [trT (λ), Sα] = 0.

(i) Let S+ = Sx + iSy. Show that

[S+, B(λ)] = A(λ)−D(λ) .

(ii) Let |0〉 be a the pseudo vacuum for a spin-s highest weight representation, such
that (sxn + isyn)|0〉 = 0, szn|0〉 = s|0〉 for n = 1, . . . , N . Let a(λ), d(λ) be the pseudo
vacuum eigenvalue functions associated with A(λ), D(λ), respectively.

Use the formulae for the action of A(λ) and D(λ) on products of operators B(λj)
from the lecture in order to show that the action of S+ on an off-shell Bethe state
is

S+B(λM ) . . . B(λ1)|0〉 = i
M∑
j=1

[∏
k=1
k 6=j

B(λk)

]
|0〉 γ(λj |{λ})
Q(λj |{λ}j)

,

where
γ(µ|{λ}) = a(µ)Q(µ− i|{λ}) + d(µ)Q(µ+ i|{λ})

and where we have employed the definitions of the Q-functions from the lecture.

Thus, B(λM ) . . . B(λ1)|0〉 is an sl2 highest-weight state, if the Bethe Ansatz equa-
tions

γ(λj |{λ}) = 0 , j = 1, . . . , N

are satisfied.

(iii) Show that an on-shell Bethe vector with M > N/2 is equal to zero.

(8 points)


